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Abstract

This paper describes a method for numerical solution of the flow equation for a
Hele-Shaw model of displacement flow of non-Newtonian fluids in an eccentric an-
nulus. The physical problem stems from an industrial process of oil well cementing
during the well construction and successful mathematical modelling and solution
of the problem can result in economic and environmental benefits. Here we outline
the model for the displacement which uses the long-thin geometry of the annu-
lar domain to reduce the flow equations to two spatial dimensions. We proceed
by putting the flow equation into its variation formulation and applying an itera-
tive augmented Lagrangian algorithm to obtain a numerical solution. We examine
convergence properties of the algorithm and its usefulness for practical applications.

Key words: Hele-Shaw cell, displacement flows, variational methods, augmented
Lagrangian, visco-plastic fluid flow

1 Introduction

In construction of oil and gas wells it is necessary to cement a series of steel
casings into the well as the depth increases. This is done both to support the
wellbore and to provide zonal isolation throughout the length of the well, en-
suring a hydraulic seal on the outside of the casing. The primary cementing
process proceeds as follows, (1; 2). After a new section of the well is drilled,
the drill pipe is removed from the wellbore, leaving the drilling mud behind.

Preprint submitted to Elsevier Preprint 19 March 2003



A section of the steel casing is then inserted into the hole, leaving a small
gap (∼2 cm) between the outside of the casing and the rock, i.e. the annu-
lus. Although centralizers are sometimes fitted to the outside of the casing to
prevent the steel tubing from slumping to the lower side of the wellbore, it is
very common that this annular gap is eccentred. After the casing is in place,
a sequence of fluids is pumped down the inside of the tubing, reaching the
bottom of the well and coming back up through the annular gap displacing
the previous fluid. Typically, a wash or spacer fluid is pumped first, displacing
the drilling mud left over both on the inside of the tubing and outside in the
annulus, followed by one or more cement slurries. Drilling mud follows the
final cement slurry pumped and circulation is stopped with a few meters of
cement left at the bottom inside the casing. The cement is then allowed to
set. Finally, the drilling resumes through the remaining part of cement inside
the casing and further into the underlying rock.

A successful cement job results in removal of mud and spacer fluid from the
annulus by the cement slurry. Unfortunately, mud is sometimes left behind in
parts of the annulus and as the cement sets water is removed from it, produc-
ing a porous channel along which liquids and gasses from the surrounding rock
formations can migrate upwards. This gas and fluid migration can result in
negative safety and environmental consequences as well as loss of well produc-
tivity. In order to facilitate a successful mud removal it is possible to modify
the rheologies and densities of the spacer fluid and the cement slurry together
with the pumping rate within the constraints of maintaining well security.
Here we focus on the laminar annular displacements which are used in the
increasing number of wells and when the limitation of the pumping rates and
outlying formation fracture pressure would not allow the use of the turbulent
regime.

1.1 Modelling the process

The majority of the industrial literature on the subject of modelling the lam-
inar displacement uses the hydraulic approach to the problem, leading to sys-
tems of design rules for a successful cementing job, (3; 4; 5; 6). These are
applicable to mostly near-vertical wells and state that the flow should be suf-
ficiently high to avoid a static mud channel on the narrow side of the annulus
and there should be a positive gradient of rheological parameters and densi-
ties, so that each fluid is heavier than the one it displaces and generates higher
frictional pressure. While such systems can be applied to good effect (7; 8),
they tend to be conservative and experience problems with predicting flows
in highly-deviated sections of the well. The other approach is to model the
flow fully in 3-D (9; 10). It should be noted however that such an approach
(e.g. using CFD software) is not practicable over the long scale of the wellbore

2



due to excessive computational requirements and is usually applied to selected
cross-sections or simpler geometries. Here we follow an intermediate approach
presented in (11) producing a flow model that allows for generality in terms of
well geometry, inclination and fluid properties while at the same time reducing
the problem to two dimensions thus significantly decreasing the computational
load required to model displacements over the scale of the wellbore. We omit
the detailed derivation and instead outline the key assumptions and resulting
equations.

The flow is assumed to be laminar and incompressible with the fluids obeying
the Herschel-Bulkley constitutive assumption. That is the relation between
rate of stress τ and rate of strain γ̇ is given by

τ = τY + κγ̇n (1)

where τY is the yield stress, κ is consistency and n is power law index of
the fluid. The general idea is to use averaging in the radial direction across
the annular gap in combination with scaling to reduce the three dimensional
Navier-Stokes equations in cylindrical polar coordinates to two dimensions -
axial and azimuthal. The key assumption enabling these simplifications is the
narrowness of the annular gap that is typically a few centimeters compared
with annular circumference (∼ 1m.) and the axial length-scale of several hun-
dred meters. We also assume homogeneity of the fluid across the annular gap
- in effect we ignore the possibility that a layer of mud can remain stuck to the
casing or the formation. Investigation of these effects by studying the displace-
ments in a long axial section of the annulus is ongoing, (12; 13; 14; 15; 16).
Also, only half of the annulus is considered, assuming that the flow is sym-
metric and the narrow side corresponds to its lowest part.

Dimensionless spatial coordinates are (φ, ξ) ∈ (0, 1) × (0, Z). Here φ is the
azimuthal coordinate with φ = 0 denoting the wide side of the annulus and
φ = 1 the narrow (lower) side. The ξ coordinate measures axial depth upwards
from bottom-hole ξ = 0 to the top of the zone of interest ξ = Z, where Z À 1.
The annular half-gap width is denoted H(φ, ξ) and is (to the leading order):

H(φ, ξ) = H̄(ξ)(1 + e(ξ) cos πφ),

where e(ξ) ∈ [0, 1) is the annular eccentricity with e = 0 corresponding to
a concentric annulus. The mean annular radius at each depth is denoted by
ra(ξ) and angle of inclination from the vertical β(ξ). Throughout it is assumed
that the annular geometry, (i.e. H̄(ξ), ra(ξ), e(ξ) and β(ξ)) varies slowly with ξ.

The incompressibility condition for the flow is averaged across the annular
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gap to remove the radial component and becomes

∂

∂φ
[Hv] +

∂

∂ξ
[Hraw] = 0, (2)

where v and w are the gap-averaged velocities in azimuthal and axial direc-
tions, respectively. This prompts definition of a stream-function Ψ:

∂Ψ

∂φ
= Hraw,

∂Ψ

∂ξ
= −Hv. (3)

A hydraulic argument is then made that the velocity field (v, w) is in the di-
rection of the (modified) pressure gradient. Using the Herschel-Bulkley consti-
tutive assumption this enables the determination of the relationship between
the flow rate, the annular gap width 2H and the magnitude of the modified
pressure gradient G, by considering Poiseuille flow between two parallel plates
distance 2H apart:

|∇aΨ| =





0 χ ≤ 0,

Hm+2

κm(m + 2)
χm+1

(χ + τY /H)2

[
χ +

(m + 2)τY

(m + 1)H

]
χ > 0,

(4)

where m = 1/n is the inverse power index for the fluid, χ = G− τY /H is the
magnitude of pressure gradient above yield point (which is used instead of G
to avoid singularity in the field equation) and |∇aΨ| is the areal flow rate.
The differential operators ∇a and ∇a· which are analogous to to the common
gradient and divergence operators and are used to simplify the notation being
defined as

∇aq =

(
1

ra(ξ)

∂q

∂φ
,
∂q

∂ξ

)
, ∇a · q =

1

ra(ξ)

∂qφ

∂φ
+

∂qξ

∂ξ
.

The following system of two equations governing the annular displacement
flow for a sequence of K fluids then results:

∂

∂t
[Hrack] +

∂

∂φ
[Hv ck] +

∂

∂ξ
[Hraw ck] = 0, k = 1, 2, ..., K

(5)

∇a · S =−f, (6)

Here the first equation is referred to as advection equation and describes the
time evolution of the (gap-averaged) concentration ck of each fluid k in the se-
quence. In its derivation, the diffusive and dispersive effects have been ignored
as they can be shown to be negligible compared with advection. The second
equation is referred to as the field equation and coupled with the visco-plastic
constitutive assumption
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S =

[
raχ(|∇aΨ|)
|∇aΨ| +

raτY

H|∇aΨ|

]
∇aΨ⇐⇒|S| > raτY

H
, (7)

|∇aΨ| = 0⇐⇒|S| ≤ raτY

H
. (8)

provides the stream function Ψ and thus the velocity field (v, w). In (7) the
dependence of χ on |∇aΨ| is calculated implicitly from (4). The buoyancy
terms have been collected on the right hand side of (6) in the term f :

f = ∇a ·
(

raρ(c) cos β

St∗
,
raρ(c) sin β sin πφ

St∗

)
= ∇a · f̃ , (9)

where St∗ is the global Stokes number for the flow. Finally, the boundary
conditions for the concentration advection equation (5) are the symmetry of
concentration at wide and narrow sides of the annulus together with ck = 0
or ck = 1 at ξ = 0, according to which fluid is entering the annulus. For the
field equation (6) the boundary conditions are

Ψ(0, ξ, t) = 0, Ψ(1, ξ, t) = Q(t), (10)

where Q(t) is the imposed dimensionless flow rate. At the axial ends of the
domain the Dirichlet conditions

∂Ψ

∂ξ
(φ, Z, t) = 0,

∂Ψ

∂ξ
(φ, 0, t) = 0. (11)

with the top- and bottom-end stream functions Ψ0(φ, t) = Ψ(φ, 0, t) and
ΨZ(φ, t) = Ψ(φ, Z, t) to be determined.

1.2 Existing methods of solution

The two resulting equations for the displacement flow (5) & (6) are at first
sight in a suitable (decoupled) form for creating a numerical simulation of a
flow. The field equation (6) allows us to calculate the fluid velocity given a
specific concentration and the advection equation (5) specifies how to advance
this concentration to the next time step using the computed velocity field. In
fact, the advection equation is a standard conservation equation with the con-
served quantity being U = Hck and a great variety of suitable time-advance
schemes exist for its numerical implementation. Solution of field equation (6)
however presents a problem. It is a non-linear elliptic equation and in its clas-
sical formulation it is not necessarily well-defined due to the unyielded regions
where |S| ≤ raτY /H being unspecified. And while it is possible to find analytic
solutions for concentric annuli or perturbation solutions for cases with small
annular eccentricity, so far we had to apply further simplifications to to the
field equation to obtain a numerical solution for a general case.
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One such approach described in (11) relies on using a perturbation method
with small parameter ε = 1/Z ¿ 1 and expanding the stream function Ψ in a
regular perturbation series Ψ = Ψ0 + εΨ1 + .... Upon substitution into (6), the
field equation reduces to a series of one-dimensional boundary value problems
that are solved on individual axial depth slices, that is for fixed values of ξ.
To obtain a numerical solution for the resulting equations for Ψ0 and Ψ1, the
function [χ(|∇aΨ|) + τY /H]/[|∇aΨ|/ra] (as it appears in S in (7)) is regular-
ized at |∇aΨ| = 0. Physically this implies making the effective viscosity of the
fluids very large below their yield stress rather than infinite as prescribed by
the constitutive equations.

Using this method for solution of the field equation is advantageous due to the
fact that the length of the calculation scales linearly with the number of grid-
points used to discretise the annulus and the numerical solution was found
to be fast and robust. Coupled with a flux-corrected-transport (FCT) scheme
for the solution of the advection equation, it enabled simulation of laminar
displacement over the scale of the wellbore with sufficiently high speed and
accuracy to be used in industrial applications. There are however several short-
comings of this numerical method. Firstly, the two-dimensional field equation
(6) as derived in the model is not actually solved - only its perturbation ap-
proximation. Secondly, due to regularization of the constitutive equations at
|∇aΨ| = 0 exact determination of mud channels, i.e. regions where the dis-
placed fluid is unyielded and stationary is difficult.

Here we present a method utilizing an augmented Lagrangian algorithm for
solution of variational elliptic equations, outlined in (17; 18). This method has
been applied successfully in a simpler situation of one Bingham fluid flow in
an annular cross-section in (19). Its application to our problem allows us to
solve the field equation numerically as it is without any additional regular-
ization or approximation. Implementation of this method makes it possible
to test the validity of any of the simplified numerical simulations as well as
being a valuable research tool by itself, enabling exact determination of the
mud channels as predicted by the model. As the starting point we use the flow
equations as described above in their variational formulation, which is derived
in detail in (20) alongside several analytical results. Those of particular impor-
tance here apart from the variational formulation of the field equation are the
formal proof of existence and uniqueness of its (weak) solution and derivation
of analytical solution to the model for a concentric annulus.
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2 Solution by augmented Lagrangian method

We begin by putting the the flow equation into its variational form and for-
mulate it as a minimization problem:

Minv∈V0{J(v)}, (12)

where

J(v) = F (∇av) + G(v), with (13)

F (q) = F0(q) + F1(q), q ∈ H, where (14)

F0(q) =
∫

Ω

ra

2

∫ |∇aΨ∗+q|2

0

χ(s1/2)

s1/2
ds dΩ, q ∈ H (15)

F1(q) =
∫

Ω

τY ra

H
|∇aΨ

∗ + q| dΩ, q ∈ H (16)

G(v) =−
∫

Ω
fv dΩ, v ∈ V (17)

In the above Ω = (0, 1) × (0, Z) is the domain considered with δΩ as its
boundary and we homogenized the boundary conditions by setting

Ψ = Ψ∗ + u, u ∈ C2
0(Ω) (18)

with the suitably constructed Ψ∗. In (20) it is shown that this minimization

problem has a unique solution in W
1,1+1/m
0 (Ω) with V0 = W

1,1+1/m
0 (Ω) and

H = L1+1/m(Ω)×L1+1/m(Ω). In the proofs of existence and uniqueness of the
solution it is also shown that F0(q) is strictly convex and differentiable, F1(q)
is convex and continuous and G(v) is convex and continuous.

It should be noted that application of the augmented Lagrangian algorithm
and associated convergence results require the solution space to be a Hilbert
space and W

1,1+1/m
0 (Ω) is only a Hilbert space for m ≤ 1. It is more common

however for the fluids used in primary cementing to be shear-thinning, that
is with m = 1/n > 1. Nevertheless, once the variational problem has been
approximated by a finite-dimensional numerical method (e.g. by finite volume
method as we have done in practice), the approximate solution space Vh is
finite dimensional - and thus is a Hilbert space. We hence take V = H1

0 (Ω)
(so that Vh ⊂ V ) and H = L2(Ω)×L2(Ω), making it possible to apply the ex-
istence and convergence theorems to the iterative solution of the approximate
problem.
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2.1 Principle of the method

A Lagrangian functional L associated with (13) is defined by

L(v, q, µ) = F (q) + G(v) + (µ,∇av − q), (19)

and for a given constant r ≥ 0 an augmented Lagrangian Lr is defined by

Lr(v, q, µ) = L(v, q, µ) +
r

2
|∇av − q|2 (20)

Then, following Glowinski (18), it is true that {u, p, λ} is a saddle point of L if
and only if it is a saddle point of Lr, ∀r > 0. Moreover such u is a solution of
(12) and p = ∇au. Thus finding the solution of the problem in its variational
minimization formulation (12) is equivalent to finding saddle point of Lr. This
in turn is accomplished by an application of an iterative algorithm of Uzawa
type: with λn ∈ H λn ∈ H (and λ0 ∈ H given) known we find un, pn, λn+1 by
solving

Lr(u
n, pn, λn) ≤ L(v, q, λn), ∀{v, q} ∈ V ×H, {un, pn} ∈ V ×H (21)

λn+1 = λn + ρn(∇au
n − pn), ρn > 0. (22)

Finding the solution of (21) is then equivalent to solving two coupled varia-
tional inequalities:

G(v)−G(un) + (λn,∇a(v − un)) + r(∇au
n − pn,∇a(v − un)) ≥ 0,

∀v ∈ V, un ∈ V, (23)

F (q)−F (pn)− (λn, q−pn)+ r(pn−∇au
n, q−pn) ≥ 0, ∀q ∈ H, pn ∈ H. (24)

The main drawback of this approach is that it requires solution of coupled
variational inequalities at each step. To overcome this we uncouple the two
inequalities in the natural way to obtain the following modified algorithm:
with pn−1, λn known (p0, λ1 ∈ H given), we define un, pn, λn+1 by finding the
solutions of:

G(v)−G(un) + (λn,∇a(v − un)) + r(∇au
n − pn−1,∇a(v − un)) ≥ 0,

∀v ∈ V, un ∈ V, (25)

F (q)−F (pn)− (λn, q−pn)+ r(pn−∇au
n, q−pn) ≥ 0, ∀q ∈ H, pn ∈ H, (26)

λn+1 = λn + ρn(∇au
n − pn), ρn > 0. (27)

In fact the first step (solving (25)) corresponds to minimizing Lr(v, pn−1, λn)
with respect to v to get un and the second (solving (26)) to minimizing
Lr(u

n, q, λn) with respect to q to obtain pn.
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2.2 Application of the algorithm

In application to our particular annular displacement problem with F and G
as in (13 - 17) we have:

G(v)−G(un) + (λn,∇a(v − un)) + r(∇au
n − pn−1,∇a(v − un))

=
∫

Ω
(−f −∇aλ

n − r∇a · (∇au
n − pn))(v − un) dΩ. (28)

Thus the first step of the algorithm (25) becomes finding the solution un ∈ V
to the Poisson equation

r∇a · ∇au
n = r∇a · pn −∇aλ

n − f, (29)

with the right hand side known at each iteration. For the second step we note
that as we mentioned above, finding pn at each step is equivalent to minimizing
Lr(u

n, q, λn) with respect to q:

pn = inf
q
{Lr(u

n, q, λn)}

= inf
q
{
∫

Ω
(
ra

2

∫ |∇aΨ∗+q|2

0

χ(s1/2)

s1/2
ds +

τY ra

H
|∇aΨ

∗ + q|

+
ra

2
|q|2 − (λn + r∇au

n) · q) dΩ}. (30)

This minimization is achieved when pn is given locally by:

pn = inf
q
{ra

2

∫ |∇aΨ∗+q|2

0

χ(s1/2)

s1/2
ds +

τY ra

H
|∇aΨ

∗ + q|

+
ra

2
|∇aΨ

∗ + q|2 − (λn + r∇au
n + r∇aΨ

∗) · (∇aΨ
∗ + q)}. (31)

The expression above is minimized when (λn + r∇au
n + r∇aΨ

∗) is parallel
to ∇aΨ

∗ + q, since apart from the last term, the rest of the expression is a
function of |∇aΨ

∗ + q| only, i.e. independent of its direction. So, letting

∇aΨ
∗ + q = θ(λn + r∇au

n + r∇aΨ
∗), (32)

x = |λn + r∇au
n + r∇aΨ

∗| (33)

we have to find the minimizer of

M(θ) =
ra

2

∫ (θx)2

0

χ(s1/2)

s1/2
ds +

τY ra

H
|θ|x +

ra

2
(θx)2 − θx (34)

We now consider two cases: first, if x ≤ τY ra/H then θ = 0 minimizes M ,
giving pn = −∇aΨ

∗ (which corresponds to an ”unyielded” flow at that point
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for that iteration). If x > τY ra/H then we find θ by setting ∂M/∂θ = 0 which
gives

raχ(θx) +
τY ra

H
+ rθx− x = 0 (35)

This can be inverted numerically to produce θ and whence pn.

3 Application and results

Summarizing, the algorithm resulting from the application of the augmented
Lagrangian method to the variational formulation is as follows: with pn−1, λn

known (p0, λ1 ∈ H set), we find un, pn, λn+1 from

r∇a · ∇au
n = r∇a · pn −∇aλ

n − f, un ∈ V, (36)

pn =




−∇aΨ

∗ if x ≤ τY ra

H

θ(λn + r∇au
n + r∇aΨ

∗)−∇aΨ
∗ if x > τY ra

H

(37)

λn+1 = λn + ρn(∇au
n − pn), ρn > 0. (38)

where
x = |λn + r∇au

n + r∇aΨ
∗|, and (39)

raχ(θx) +
τY ra

H
+ rθx− x = 0, (40)

with V = H1
0 (Ω) and H = L2(Ω)×L2(Ω), Ω = (0, 1)× (0, Z) and the relation

between the modified pressure gradient χ and the flow rate |∇aΨ| as in (4).

The result of solution of the algorithm is a sequence of functions un con-
verging to u ∈ H1

0 (Ω) with the stream function Ψ = Ψ∗ + u. We also obtain
pn ∈ L2(Ω)×L2(Ω) converging to p = ∇au from which the components of the
velocity vector to be used in the concentration-advance equation can be easily
calculated.

3.1 Numerical implementation

Our aim was to test the algorithm, its convergence properties and obtain a few
results that can be compared to the analytical solutions in simple cases. As
such, a very straight-forward finite volume discretization with a fixed regular
rectangular mesh was chosen. That is we divide the domain Ω into Ni×Nj con-
trol volumes with each control volume being a rectangle of width ∆φ = 1/Ni

in the φ-direction and height ∆ξ = 1/Nj in the ξ-direction. Denoting by CVi,j

the control volume with its lower left-hand corner at coordinates (i∆φ, j∆ξ),
we define the discretized functions un

h, Ψn
h at the corners of CVi,j and the
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u

u

u

u

e

(i∆φ, j∆ξ)

((i + 1/2)∆φ,
(j + 1/2)∆ξ)

u - un
h, Ψ∗

h

e - λn
h, pn

h, ch, ∇aΨ
∗
h

6

-

ξ

φ

Fig. 1. Schematic picture of the control volume CVi,j .

discretized functions λn
h, pn

h and concentration ch at its center - see Fig 1.
This allows simplified calculation of gradients arising in the above equations
as well as smaller spatial support of the numerical schemes for the chosen
second degree of accuracy in each of the numerical calculations of the flux
between the control volumes in the time-advance equation. Before the start of
the iterative algorithm, we determine the homogenizing stream function Ψ∗

h

by setting Ψ∗
h = (1−ch)Ψh

0 +chΨ
h
Z . Here Ψh

0 and Ψh
Z are the discretized stream

functions at ξ = 0 and ξ = Z correspondingly. They in turn are determined
from the boundary conditions (11) which give the modified pressure gradient
G = χ + τY /H constant in the φ-direction at the top and bottom of the well.
Thus, χ at ξ = 0 and ξ = Z can be calculated by numerically inverting the
expression for the imposed rate of flow through the annulus.

At each iteration of the algorithm we first solve the un
h advance equation (36).

We apply the standard point Gauss-Seidel method with second-order accurate
spatial fluxes to solve this modified Poisson’s equation. This seems especially
appropriate as un

h converges after some iterations of the algorithm and so
taking un−1

h as starting point of Gauss-Seidel iterations each time improves
the convergence time. The same is true after application of the time-advance
scheme: we then take the final value of un

h at the previous time-step as the
starting point for Gauss-Seidel iterations. Over-relaxation was also used to
improve the speed of convergence even further.

The second step in the algorithm is the advance of pn
h. We achieve this by

first calculating x from (39), determining if the fluid is yielded at that point
and if so performing the numerical inversion in (40) to determine θ and thus
pn

h. Note that (40) can be differentiated analytically and a Newton-Raphson
method used in its inversion converges in few iterations to the desired tolerance
in most cases.
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3.2 Convergence of the algorithm

Following Glowinski (18) we have un
h → uh strongly in V where uh = Ψh −Ψ∗

h

is the solution of the discretized minimization problem (12) producing the
stream function Ψh solving the variational formulation of the flow equation.
Also, pn

h → ph and H and λn+1
h − λn

h → 0 strongly in H. From the λ-advance
equation (38) this gives pn

h → ph = ∇auh = (Hv̄h, Hw̄h) −∇aΨ
∗
h in the dis-

cretized space.

We take the norm of ∆pn
h = pn+1

h − pn
h as the measure of convergence of

the numerical algorithm. This appears appropriate as it is the velocity field
obtained directly from pn

h that is used in the subsequent concentration advance
step. Here we consider two norms of ∆pn

h: L2(Ω) and L∞(Ω). While the first
provides an adequate measure of convergence to the solution over the whole
domain, the second gives a better impression about the convergence near the
interface and yield boundaries - where it is the slowest. It should be noted
that convergence of other quantities such as ∆λn

h = λn+1
h −λn

h and the residual
from the flow equation Res = ∇a · Sn

h + fh (where Sn
h and fh are defined as

in (7 - 9)) mirrors that of ∆pn
h.

The plots in Fig. 2 are of the logarithm base 10 of the L2 and L∞ norms
of ∆pn

h versus the number of iterations together with surface plot of ∆pN
h after

100 iterations. In the three series of plots provided all of the parameters are
the same except for the eccentricity. Here and in other cases we can observe
that the algorithm converges better for lower eccentricity and when the fluid
is yielded everywhere.

3.3 Steady states

We now combine the solution of the flow equation by augmented Lagrangian
algorithm and a time-advance scheme for advection of the fluid concentrations
according to (5) to produce a fully 2-D flow simulation. For the time-advance,
we use a Flux Corrected Transport scheme which combines low-order (donor
cell) and high-order (central difference) schemes to minimize the numerical
dispersion and diffusion during the advection. It preserves the concentration
jump at the interface between the fluids and was found to work well in appli-
cation to the similar numerical computation performed in (11).

To validate and test the resulting simulation we can examine the steady in-
terface shape development and propagation through the annular domain. Ex-
istence of such steady state displacements was shown in (20) and the shape
of the steady-state interface in the case of a concentric annulus was derived
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Fig. 2. Plot of Log10 of the L2 (solid line) and L∞ (broken line) norms of ∆pn
h

against the number of iterations together with surface plots of the φ-component of
∆PU after 100 iterations (top to bottom): a) horizontal interface with e = 0.1, b)
horizontal interface with e = 0.6, c) slanted interface with e = 0.8 and high yield
stress of the displaced fluid.

analytically. The procedure we follow here is to set up an initial concentration
field corresponding to a horizontal interface between two fluids in the middle
of the domain. We then let the simulation run and the interface evolve, track-
ing its position on the wide side of the annulus. We also ”follow the interface”
by shifting the concentration field down at the average speed of the flow, thus
keeping the interface centered in the domain. This allowed us to limit the axial
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length of the grid to just a few annular diameters either side of the interface
thus greatly reducing the computational load.

The results of the simulations are presented in Fig. 3, where we give the plot
of the interface at the end of the simulation together with the time track of
the inetrface position on the wide side of the annulus. The interface is taken to
be the countour ch = 0.5 and we use a 20 × 80 mesh with rectangular control
volumes of width ∆φ = 0.05 in the φ-direction and of height ∆ξ = 0.1 in the
ξ-direction. We pick the length of a time-step ∆t from the Courant-Friedrichs-
Lewy (CFL) stability condition. The top plot corresponds to a vertical well
where the interface stays horizontal. The second is for a horizontal well, where
(from (20)) the steady-state interface is given by

g(φ) =
ρ2 − ρ1

χ2(1) + τY,2 − χ1(1)− τY,1

cos(πφ)/(πSt∗). (41)

The bottom plot is for an inclined well (β = 5π/12) with fluids of identical
rheologies but a non-zero density difference, where the steady-state interface is
given by g(φ) = − tan β cos(πφ)/π. In all of the cases the simulation converges
to the interface shape predicted analytically and the average position of the
interface on the wide side agrees with the analytical result.

3.4 Mud channels

4 Discussion and conclusion

In this paper we have described successful application of the iterative aug-
mented Lagrangian algorithm to the problem of annular displacement of non-
Newtonian fluids. The algorithm allows us to produce a numerical solution
of the 2-D flow equation and can be used to create a simulator for the flow.
While the implementation presented here was primarily for the purpose of
validation of the algorithm, we can draw several conclusions about the pos-
sible use of such method. Firstly the method is stable for a very wide range
of fluid rheologies, annular geometries and other parameters. While it suffers
from the few limitations of the flow model it is based on, it makes no further
simplifications and can be applied in the same generality of situations as the
model itself. This makes it of special interest for the purposes of the model
validation when combined with experimental data. It also allows verification
of the simplified numerical simulations based on the same model.

The primary limitation of the method is the computational speed. For a 20 ×
80 mesh considered here, a short flow simulation lasting 30 time units (equiv-
alent to 3000 time steps of length 0.01 obtained from the CFL condition) can
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Fig. 3. Plot of interface in a concentric annulus at t = 30 together with interface
track at φ = 0 (top to bottom): a) vertical well β = 0 (e = 0; ρ1 = 1; ρ2 = 0.6;
τY 1 = 1; τY 2 = 0.8; k1 = 1; k2 = 0.8), b) horizontal well β = π/2 (e = 0; ρ1 = 1;
ρ2 = 0.6; τY 1 = 1; τY 2 = 0.8; k1 = 1; k2 = 0.8), c) inclined well with angle of
inclination β = 5π/12 and identical rheologies (e = 0; ρ1 = 1; ρ2 = 0.8; τY 1 = 1;
τY 2 = 1; k1 = 1; k2 = 1). Inverse power index m1 = m2 = 1.0 throughout.

take several hours on a current mid-range PC. This restricts the use of the
method to smaller domains and shorter simulation times - such as for exam-
ple experimental set ups. For full-scale industrial application with very long
axial scale and running time, simplified methods such as the one described in
(11) are of more use. Nevertheless, the speed of the iterative algorithm can be
improved by the implementation of more efficient numerical methods, use of
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the over-relaxation parameters ρn and r and considering a non-regular mesh
to reduce the number of control volumes needed.

Another application of the algorithm with minimal alterations could be to
laminar flow of non-Newtonian fluids through porous media - the problem oc-
curring in the context of oil well stimulation amongst others. The underlying
flow equations are very similar - in fact the first appearance (21) of the idea
behind the Hele-Shaw displacement model considered here was deriving from
the porous media flow analogy. For porous flows the ability of the method to
predict the regions of unyielded fluids unambiguously would be most benefi-
cial.
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